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a b s t r a c t

Colloidal quantum dots (QDs) superlattice, which is made of inorganic cores and can self-assemble into
various types of lattice structures, finds promising applications in optical, electrical, and optoelectronic
devices. Recent inelastic neutron scattering measurement [NAT. COMMUN. 10:4236 (2019)] showed that
the inter-quantum-dot vibrational frequencies can be tuned by varying the QDs shapes and ligand types,
suggesting that the QDs superlattices can be a platform for phonon engineering. In this work, we
quantify the impact of the second periodicity on thermal transport through full-scale molecular dy-
namics simulations of PbS QDs superlattice with realistic QD size and ligand morphology. The vibrational
pattern analysis reveals that the vibrations can be classified into the inter-QDs coherent modes and the
spatially localized modes arising from the geometry confinement. The spectral analysis indicates that
spatially localized modes in the frequency range of 0.8e5 THz dominate the thermal transport and lead
to an amorphous-like temperature dependence between 200 and 400 K. On the other hand, the inter-
QDs coherent modes, albeit have an averaged relaxation of 10 ps, have a limited thermal conductivity
value of 0.01 W/mK at room temperature due to the scarce of the vibrational states. We demonstrate that
controlling the ligand morphology is more efficient than tuning the second periodicity in engineering the
thermal conductivity of QDs superlattice.

© 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Colloidal quantum dots (QDs) superlattice can be synthesized
from a solution of nanometer-sized inorganic particles and self-
assembled into densely packed bulk materials with long-range
periodicity [1,2]. The tunability ranges from the atomic composi-
tion to the size and shape, and the surface functionalization of the
QDs have made them promising in a wide spectrum of applications
including QDs-based solar cells [3,4], photodetectors [5], light-
emitting diodes [6,7], among many others. For instance, the opti-
cal properties of lead sulfide (PbS) QDs are size dependent [8]. The
energy levels of PbS QDs can be modified through the ligand ex-
change process [9]. The hole mobility in PbS QD thin film devices
can also exhibit an orders-of-magnitude enhancement at an opti-
mized combination of solvent and ligands during the synthesis
process [10,11]. Photon detectors based on PbS QDs have also been
shown with enhanced efficiency [12e14].

The thermal properties of the QDs superlattice are equally
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important, but less understood compared to the electrical and
optical properties. Recently, Ong et al. have performed the first
measurement on the thermal conductivity of the nanocrystal
superlattice and found that it is in the range of 0.1e0.3 W/mK,
mediated by the atomic density contrast and the chemistry at the
organic/inorganic interface [15]. By systematically varying the
factors like the ligand types and lengths, binding strength, and the
QD diameter, Liu et al. have shown that the thermal conductivity of
the QDs superlattice can be varied in the range of 0.1e0.4 W/mK
[16]. More recently, Wang et al. demonstrated that the thermal
conductivity of the QDs SL can be boosted by crosslinking the li-
gands by strong covalent bonding, which can leverage thermal
conductivity to 1.7 W/mK [17].

The second periodicity of the QDs superlattice gives rise to
additional types of vibrations that stem from the relative vibrations
among the QDs, which we refer as inter-dot coherent phonon
[18,19]. Engineering the propagation of the inter-dot coherent
phonon may give us another degree of freedom to tune its thermal
properties. The properties of the coherent phonon that extends
over nanostructure periodicities have been well studied in struc-
tures like superlattices and phononic crystals [20e23]. As for the
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Fig. 1. Phonon band structure of PbS QDs superlattice calculated from the harmonic
lattice dynamic. (a) phonon dispersion in the full frequency range, and (b) phonon
dispersion in the low frequency range. The inset in the (a) shows the structure of the
QDs used for the calculation, which contains 185 atoms in each QD.
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QDs superlattice, there are recent experimental and numerical ef-
forts to understand its properties [24e26]. Through inelastic
neutron scattering measurement and modeling, Yazdani et al.
found that the phononic properties of the quantum dot system can
be engineered through the constituent material of the QD cores, the
surface morphology, and the ligand types [25]. Mork et al.
demonstrated the tunability of the acoustic phonon frequency in
colloidal nanocrystal by appropriate choice of the surface ligands
[26]. However, those studies can only probe the lattice vibrational
frequency of the inter-dot coherent phonon, while its contribution
to thermal transport remains unknown.

On the other hand, knowing the roles of the second periodicity
on heat transport in the QDs superlattice system as well as how
much heat is carried by the low frequency inter-dot coherent
modes is particularly important for phonon engineering. Compared
with the traditional superlattice, the QDs superlattice is featured by
a few characters: 1) different QDs core can exhibit different ori-
entations, 2) the QDs are passivated by organic ligands with
random orientations and distribution in the locations, and 3) the
QDs are not directly connected but instead connected through the
soft ligands, which gives rise to the geometry confinement of the
QD cores. These features make it difficult to apply the well-
developed anharmonic lattice dynamics calculation for such sys-
tem [27e29].

In this work, we applied molecular dynamics (MD) simulations
to directly probe the thermal transport in the PbS QDs system due
to lattice vibrations. The lifetimes of the coherent phonons are
calculated from the spectral energy density based on the velocity
trajectories of the QDs from the MD simulations. The overall ther-
mal conductivity is predicted from the Green-Kubo methods, and
the atomic-level information is revealed from the eigenmode and
the spectral heat flux analysis. Our results suggest that although the
inter-QDs coherent modes have an averaged relaxation time of 10
ps and can propagate over a few QDs, the scarce of the vibrational
states limits their thermal conductivity contribution to 0.01 W/mK.
Instead, the spatially localized modes, which are insensitive to the
second periodicity, contribute to 80% of the total thermal conduc-
tivity (0.14 W/mK) at room temperature. We also demonstrate that
controlling the ligand morphology is more effective than tunning
the second periodicity in engineering the thermal conductivity of
QDs superlattice.

2. Results

We firstly look at the phonon band structure of the PbS QDs
superlattice calculated from harmonic lattice dynamics [23].
Fig. 1(a) is the phonon dispersion relations in the full frequency
range, while Fig. 1(b) shows the zoomed-in dispersion in the low
frequency range. We observed dense vibrations at frequency less
than 12 THz with a gap at around 8 THz, followed by discretized
vibrations in the frequency range of 17e24 THz. As the maximum
vibrational frequency allowed in bulk PbS is around 12 THz, we
mainly attribute these dense vibrations below 12 THz to the atomic
vibrations in the PbS core. On the other hand, the high-frequency
modes in the range of 17e24 THz are mainly contributed by the
stiff CeC bonds in the ligands [15]. From the dispersion relations,
most of the bands are flattened and separated by mini gaps, indi-
cating that they are standing waves with negligible group veloc-
ities. Such characteristics usually lead to the low thermal
conductivity of a material [31]. Twomechanisms can be responsible
for the band flatten: 1) the interference of the phonons that reflect
from multiple interfaces, and 2) the geometry confinement of the
QDs. Since, as we will show later, the thermal conductivity of the
QDs system is insensitive to the variation in the size of the QDs core,
we associate the band flattening and the reduction in the group
2

velocities to the geometry confinement effect. It is worth noting
that the three acoustic branches, marked in red in Fig. 1(a) and (b),
show notable dispersion and group velocities. In the following
sections, we will show that those three branches are related to
inter-QDs coherent modes. Overall, our phonon dispersion is
similar to that found in gold nanocrystal superlattice [32].

Before getting into the thermal conductivity calculation, we
analyze the characteristics of vibrational modes in the system.
Phonon participation ratio (PR) is a good measure of the extension
of the vibrationsmodes [33]. It has severed as a criterion to separate
the diffusions and locons in amorphous materials [34] and has also
been used as a signature of the Anderson localization in the
multilayer structure [35]. The average phonon PRs in the frequency
range of 0e25 THz are shown in Fig. 2(a). One can see that the PR in
the system is in general less than 0.2 when the frequency is larger
than 2 THz. Such low PRs suggest that the majority of the vibrations
are either localized inside the QDs or in the ligands. Fig. 2(b) and (c)
show two representative vibrational modes in this system. For
vibrational modes with a large PR (Fig. 2(b)), all atoms participated
in the vibrations, which is a signature of the inter-QDmodes. On the
other hand, for modes with small PR values (Fig. 2(c)), only part of
the atoms participate in the vibrations, suggesting a localization.
The modes with large PRs are related to the low-lying acoustic
modes in the dispersion relations as shown in Fig. 1(b).

We next study the contribution of the inter-QDs coherent
modes to thermal transport. According to the linearized Boltzmann
transport of phonon gas, the thermal conductivity can bewritten as
the summation of different vibrational modes as k ¼ 1

3
P
u
cuv2utu,

where cu, vu, tu are the heat capacity, group velocity, and the
relaxation time of phonon mode with frequency u. To probe the
lifetimes of the coherent modes, we took the spectral energy
density (SED) analysis approach [36,37]. The structure used for the
spectral energy analysis is shown in Fig. 3(a), which contains 20�
3� 3 QDs, and are packed in a simple cubic lattice structure [38].
Note that although the atoms inside each QD have a well-defined
lattice structure, the perturbation on the ligand location as well
as the randomness in ligand orientations make the normal mode
projection, which is an alternative method to extract modal life-
time, tricky [39]. Besides, different QDs can have different orien-
tations at room temperature due to thermal fluctuation. We firstly
tried to explicitly consider all the internal atomic vibrations in the
QDs and the ligands and project them to the reciprocal lattice



Fig. 2. (a)The averaged participation ratio (PR) in the PbS QDs as a function of frequency. The horizontal lines represent the typical PRs in crystalline and amorphous materials. (b)
Illustration of the inter-QD transverse acoustic vibration mode. In this mode, all atoms are moved in the direction perpendicular to the wavevector, and the atomic displacements
are the same. The frequency of this mode is 1.1 GHz, and the PR is 1.0. (c) Another mode at frequency of 1.3 THz. In this mode, part of the vibrations are localized inside the QD and
part of the vibrations are localized in the ligands.

Fig. 3. (a) Illustration of the system used for the spectral energy density (SED) analysis. The horizontal dashed line represents the interface used for the spectral heat flux calculation
(b) The spectral energy density calculated from the center-of-mass (COM) velocities of the QDs along the G to X direction. (c) The relaxation times of the inter-QDs coherent modes
extracted from the linewidths of the SED. The red open square represents the transverse acoustic (TA) modes and the blue solid dot represent the longitudinal acoustic (LA) modes.
The inset of figure (c) shows the fitting of the SED with a double-Lorentzian function, and the relaxation times are extracted from the full width at half maximum of the Lorentzian
peaks.
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vector of the QD superlattice. However, due to the large number of
atoms in a unit cell, the SED contour becomes blurred, whichmakes
it difficult to extract any useful linewidth information.

Therefore, given the fact that the coherent phonons are the vi-
brations among the QDs, where the atoms inside each QDs vibrate
collectively, we can also treat each QD as a super-atom, and project
its center-of-mass (COM) velocity to the lattice structure of the
superlattice. The resulting spectral energy density along the path
fromG to X at 300 K is shown in Fig. 3(b). The two explicit lines seen
in the SED color contours represent the longitudinal acoustic (LA)
and transverse acoustic (TA) coherent modes. Based on the line-
widths, we extract the phonon lifetimes, and the results are shown
in Fig. 3(c). The lifetimes are in the range of 5e30 ps and show an
3

exponential decay trend with frequency. The LA-polarized modes
have an averaged relaxation time of 5.5 ps, while for TA-polarized
modes the averaged relaxation time is 12.6 ps. From the disper-
sion relations in Fig. 3(b), we also estimated the group velocity of
the transverse and longitudinal inter-QD coherent modes to be 550
and 1230 m/s. In combination with the lifetimes from Fig. 3(c), we
estimated that the mean free paths of the coherent modes are on
the order of 10 nm, which spans multiple inter-QDs distances. Note
that a much larger supercell structure is required to calculate the
lifetimes along other symmetry paths, which is beyond our
computational limit [40]. We thus adopted the isotropic assump-
tion and estimated the contribution of the inter-QDs coherent
phonon to the thermal conductivity to be less than 0.01 W/mK



Fig. 4. (a) Illustration of QD superlattice with different degree of size variation. From
left to right are: QDs with uniform size, QDs with small size variation, and QDs with
large size variation. The number on the QDs represent the number of atoms in the QD
core. (b)The thermal conductivity of the QDs superlattice in the temperature range of
50e400 K.
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[41,42]. Such small contribution of the inter-QD coherent modes is
mainly due to the factor that the density-of-state of such modes
(equals to 3NQD; where NQD is the number of QDs, and each QD
contains 485 atoms) is quite small compared to the total density of
states available in the system (equal to 3Natom, where Natom is the
total number of atoms).

The above analysis has shown that the inter-QDs coherent
modes have a quite limited contribution (0.01 W/mK) to the total
thermal conductivity (0.14 W/mK as wewill show later). Therefore,
even though the recent studies have demonstrated that the inter-
QDs vibrational frequencies can be tuned by varying the QDs
shapes and ligand types, the room for engineering the thermal
conductivity of the QDs superlattice by manipulating the coherent
modes is limited as their contribution to thermal conductivity are
small [43,44].

The above discussions mainly focused on the contribution of the
inter-QD coherent modes. To gain more insights on thermal
transport, we also calculate the overall thermal conductivity of the
QD superlattice by the Green-Kubo method. The size-dependent
thermal conductivity contains enriching information on the mean
free paths of the underlying heat carriers [45,46]. We first check the
size effect by calculating the thermal conductivities of a series of
systems with 3�3�3, 4�4�4, 5�5�5, and 6�6�6 QDs unit cells.
For each system, fifteen independent simulations with different
initial velocities were used to sample the phase space. A typical
example of the integral of the heat current autocorrelation function
(HCACF) is shown in Fig. S3 of the Supplementary Data (SD). We
observed large oscillations in the integral of the HCACF, with the
oscillation frequency inverse proportional to the QDs size. Dividing
the size of the QDs by the oscillation period yields a velocity of
2790 m/s, which falls between the speed of transverse (1850 m/s)
and longitudinal (4100 m/s) long wavelength phonons in bulk PbS
[47]. The similarity between the oscillation velocity and the speed
of long wavelength modes in PbS suggests that the oscillation re-
sults from the multiple reflections of the long-wavelength acoustic
modes inside the QDs. The thermal conductivities of 3�3�3,
4�4�4, 5�5�5, and 6�6�6 QDs superlattices are shown in Fig. S4
of the SD. The values fall within the error bars, indicating a size-
independence of thermal conductivity. A previous study on gold
nanocrystal also found a converged thermal conductivity with a
system size down to 2�2�2 QDs [24]. Note that modes with
wavelength larger than the side length of the simulation box cannot
exist in a periodic system [48]. The weak system-size dependence
also suggests that the contribution of the inter-QDs mode with
wavelength larger than 3 times the inter-QD distance is negligible.
This finding is consistent with the estimation that the contribution
of the inter-QDs coherent modes to thermal conductivity is less
than 0.01 W/mK. In the following section, we use a 3�3�3 QDs
supercell system for the Green-Kubo calculation to reduce the
computational costs.

To understand the origin of the localization (Fig. 2(a)), we
consider three types of systems here: 1) QDs with uniform size (all
the PbS QDs contains 485 atoms in the core), 2) QDs with small size
difference (a binary mixing of QDs with 485 and 365 atoms in the
core), and 3) QDs with large size difference (a binary mixing of QDs
with 485 and 261 atoms in the core). The snapshots of those three
systems are shown in Fig. 4(a). The total thermal conductivity is
more sensitive to variation in the size of QDs if the localization is
originated from the interference effect; in contrast, the confine-
ment induced localization is more robust to the variation in the QDs
size [49,50]. Note that the QDs superlattice with controllable size
variation has also been synthesized recently [51]. The thermal
conductivities of the QDs superlattice at the temperature range of
50e400 K are shown in Fig. 4(b). Regardless of the variation in the
QDs sizes, the thermal conductivities of those three systems fall
4

within the error bars. In the low temperature range, the thermal
conductivity decays from 0.35 W/mK to 0.14 W/mK as the tem-
perature increases from 50 to 200 K. The decay rate is slower than
T�1 dependence typically found in crystals. At higher temperature
range between 200 and 400 K, the thermal conductivity shows an
amorphous-like temperature dependence. The robustness of the
thermal conductivity to the variation in the QDs size suggests that
the inter-QDs localization arises from the geometry confinement
effect.

To gain a deeper insight into the thermal transport in the QD
superlattice, we also calculate the frequency-resolved thermal
conductivity accumulation function from the cross-correlation of
the Fourier transformed velocities and forces, and the results are
shown in Fig. 5(a). The cumulative thermal conductivity of bulk PbS
is also shown in Fig. 5(a) for comparison. Phonons in the frequency
range of 0.8e5 THz contribute to 80% of the total thermal con-
ductivity in PbS QDs superlattice and the thermal conductivity
exhibits a large reduction from the bulk PbS in the same frequency
range. Fig. 5(b) shows the various vibrational density of state (DOS)
in the QDs superlattice system: namely the atomic vibration in the
QD core, the atomic vibration in the ligand, the center-of-mass
(COM) vibration of the QDs, and the COM vibration of the ligands.
The center-of-mass DOSs of QDs and ligands are calculated from
their corresponding center-of-mass velocities and show single
peaks in the low-frequency range. In contrast, the atomic vibrations
are calculated from the atomic velocities of atoms inside the QDs
and the ligands, and those atoms are connected by strong ionic and
covalent bonds. Thus, the atomic DOSs exhibit much larger vibra-
tional frequencies. The large overlapping between the atomic vi-
bration of PbS and ligands in the same frequency range of
0.8e5 THz indicates that heat is diffusively transported among the
localized vibrations in the QDs superlattice, which also supports the
amorphous-like temperature dependence in Fig. 4(b).

Given that the coherent modes have limited contribution to
thermal transport, a meaningful question should be if there are
other factors that can be utilized to tune its thermal properties.
Here, we also study the dependence of thermal conductivity on the



Fig. 5. (a) The cumulative thermal conductivity in the QDs SL with uniform size dis-
tribution (blue) and in bulk PbS (red) at temperature of 300 K. (b) The vibrational
density of state (DOS) that breakdown into the PbS center-of-mass (COM), the ligand
COM, the atomic vibrations in PbS QD (PbS, atom), and the atomic vibrations in the
ligand (Ligand, atom).
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ligand coverage ratios. The thermal conductivities at different
ligand coverage ratios are shown in Fig. 6(b). As the ligand coverage
ratio increases, the thermal conductivity firstly decreases and then
increases with the ligand coverage ratio. The corresponding
structures at different ligand coverage ratios are shown in Fig. 6(a).
In the low ligand coverage ratio, the quantum dots connect to each
other (fusion). As the ligand's coverage ratio increases, the quantum
Fig. 6. (a) Snapshots of the QDs superlattice at different ligand coverage ratio. (b)
Thermal conductivity of PbS QDs at different ligands coverage ratio.

5

dots disconnect from each other and thus lead to a reduction in the
effective binding energy of the direct QDs connection. However,
further increasing the ligand coverage ratio strengthens the indi-
rect connection between QDs through the ligands. The detailed
binding energies at different ligand coverage ratios are shown in
Fig. S5 of the SD. This highlights the competing effect between the
fusion and the increase in binding energy and suggests that con-
trolling the ligand morphology is an effective way to tune the
thermal conductivity of QDs superlattice.
3. Summary

In conclusion, we investigated the thermal transport in the PbS
QDs superlattice using molecular dynamics simulations. We have
identified the relaxation time of the inter-QDs coherent modes in a
typical QDs superlattice to be the order of 10 ps. The scarce of the
vibrational density of the inter-QDs coherent modes limit their
contribution to thermal conductivity to 0.01 W/mK at room tem-
perature, which is negligible compared to the total thermal con-
ductivity of 0.14 W/mK. On the other hand, the eigenvector and PR
analysis suggest that the majority of the vibrations are localized in
the QDs and ligands and conduct heat diffusively, which manifest
itself in the amorphous-like temperature dependence between 200
and 400 K. The QDs-size-insensitive thermal conductivities indi-
cate that the spatial localization arises from the geometry
confinement instead of the interference effect. We also highlight
the importance of the ligands morphology on engineering the
thermal transport in the QDs superlattice system.
4. Methods

4.1. Molecular dynamics simulation

The transferable force field based on a partially charged rigid ion
model is used to describe the interactions between PbS, which has
the functional form of [52]

Uij ¼
qiqj
rij

þ Ae�rij=r � C6
r6ij

(1)

whereUij is the potential energy between atom i and j at distance of
rij. qi is the effective charge for atom i, which is þ0.8 e for Pb atom
and �0.8 e for S atom. The parameters A, r, and C are the same as
those used in the reference. [52] The HS-[CH2]5-SH ligand was used
to cap the QD surface. In the simulation, the light hydrogen atoms
are treated implicitly with their masses lumped into the corre-
sponding carbon atoms [53]. The force fields for ligands are adapted
from Ref. [54]. The cut-off distance for Coulomb interactions and LJ
potentials is set to 10 Å. A damped shifted force model with a
damping constant of 0.3 Å�1 was used to calculate the Coulomb
interaction [55]. All the molecular dynamics simulations were run
using LAMMPS with a timestep of 2.5 fs [60].

For harmonic lattice dynamics calculation (Figs. 1 and 2), each
PbS QD contains 81 atoms and is covered by 16 ligands. For thermal
conductivity calculation (Figs. 3e5), each PbS QD contains 485
atoms (diameter of 3 nm), and is covered by 74 ligands. For the
ligand coverage ratio study (Fig. 6), each PbS QD is covered by
20e140 ligands. The equivalent to a ligand coverage ratios are
0.5e5 ligands/nm2 and are similar to that found from experimental
measurements and density functional calculations [56,57]. The
procedures to construct the PbS QD superlattice are described in
the Sec S1 of the SD.
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4.2. Harmonic lattice dynamic calculation

The phonon frequency u and eigenvector εðk; yÞ are obtained by
diagonalizing the dynamics matrix of the system, which is con-
structed from the harmonic interatomic force constants through
the following equation [30]:

D3ðj�1Þþa;3ðj0 �1Þþa0 ðkÞ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
mjmj0

p XN
l0

v2F

vra

�
j
0

�
vra0

�
j0
l0

�

� exp
�
ik,

�
r
�
j0
l0

�
� r

�
j
0

���
(2)

where a and a0 represent the cartesian directions, k is the phonon
wavevector, y is the phonon polarization index, N is the number of

the unit cell in the system, and F is the potential energy. r
�
j
l

�

represents the position of the j -th atom in the l -th unit cell, andmj

is the mass of atom j. The corresponding force constants are ob-
tained from the finite displacement method through the ALAMODE
package [58].

The PR, which measures the degree of spatial localization of a
vibration mode, is calculated from the following equation [33]:

PR¼
�PN

i jεiðk; yÞj2
.
mi

�2

N
PN

i
jεiðk;yÞj4

m2
i

(3)

where N is the number of atoms in the unit cell, mi is the mass of
atom i, and εiðk; yÞ eigenvector component of atom i. A PR of 1
represents a propagating mode with all atoms evolved in the vi-
brations. On the other hand, a small PR represents a spatially
localized mode with only part of atoms involved in the vibration. In
an extreme scenario, only one atom participates in the vibration,
and the PR is at the order of O (1/N).

4.3. Thermal property calculation

The thermal conductivity of the QDs superlattice system is
calculated from the Green-Kubo methods

k¼ 1
kBVT2

ð∞

0

CqðtÞ,qð0ÞD
3

dt; (4)

where kB is the Boltzmann constant, V is the volume of the system,
T is the temperature, and CqðtÞ ,qð0ÞD is the heat current autocor-
relation function (HCACF).

Prior to the heat flux calculation, the system is relaxed in an NVE
ensemble for 10 ns. The heat flux is then collected during a time
span of 2.5 ns and used for the HCACF calculation. The final HCACF
and the thermal conductivity is averaged over 15 independent
simulations. The typical heat current autocorrelation function and
its integral thermal conductivity are shown in Fig. S3 of the SD.

The total heat flux across the system can be decomposed
spectrally as [59]

Q ¼
ð∞

0

du
2p

qijðuÞ (5)

where qijðuÞ is the spectral heat flux between atom i and j across
the interface marked on Fig. 3(a) and can be calculated from the
Fourier transform of the force-velocity cross-correlation
6

qijðuÞ¼
2
A
Re

X
j2L

X
i2R

ð∞

�∞

dteiutCF ijðtÞ , við0ÞD (6)

where A is the area of the cross-section, the angular bracket
represent the cross-correlation, t is the correlation time, F ij is the
force acting on atom i on the right side of the interface from atom j
on the left side of the interface. For the spectral heat flux calcula-
tion, the velocity and force information are collected very 20 fs for a
total time span of 2.5 ns Five independent simulations are used to
obtain the averaged spectral flux. The spectral heat fluxes calcu-
lated at different locations are shown in Fig. S6 of SD.

The spectral energy density of the inter-QDs vibrations is
calculated from [36,37]

Fðk;uÞ¼ 1
4pt0

X3
a

mQD

NQD

						
XN
l

ðt0

0

_ula exp
�
ik$rl0 � iut

�
dt

						
2

(7)

where Fðk;uÞ is the spectral energy at wavevector k and frequency
u, t0 is the time duration of the Fourier transform. The a and l are
the indices for the directions and QDs.mQD is the total mass of each

QDs and NQD is the number of QDs in the supercell. _ula is the center-
of-mass velocity of l - th QD at direction a, which is obtained from
the built-in command in LAMMPS [60]. The center-of-mass veloc-
ities of QDs are dumped every 20 fs for a total time span of 2.5 ns
and are used for the spectral energy density calculation. The
spectral energy density at a specify wavevector k can be fitted with
a N-Lorentzian function of the form

Fðk;uÞ¼
XN
i

Ci
ðu� uiÞ2 þ G2

i

(8)

to extract the central frequency ui and the linewidth Gi of phonon
mode i, and the corresponding phonon lifetime is obtained through
the relation ti ¼ 1=2Gi.
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